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Resum
En esta tesis se ha obtenido un modelo matema´tico no lineal para el helico´ptero U1-H1
seguido del disen˜o de un control lineal basado en el control optimo. Esta tesis se ha divido
en dos partes. La primera parte consiste en el desarrollo del modelo matema´tico no line-
al usando el software Matrix Laboratory (Matlab R©) y el software Heli-Dyn R© que es una
herramienta de modelado y simulacio´n de helico´pteros, fue desarrollado por el profesor
Dr.Ilkay Yavrucuk en la Universidad Te´cnica del Oriente Medio. El modelo no lineal consis-
te en una contribucio´n del rotor principal, el rotor de cola, fuselaje, modelo gravitacional,
rotor de cola horizontal y vertical. El modelo no lineal del rotor principal del U1-H1 se obtu-
vo empleando la teorı´a del elemento de pala, la dina´mica del flujo inducido y dina´mica del
batimiento. El proceso de linealizacio´n se ha hecho por medio del software Heli-Dyn R©.
La segunda parte de la tesis consiste en el disen˜o de sistemas de aumento de estabilidad
(SAS) seguido por el disen˜o de un conjunto de sistemas automa´ticos de control de vuelo
(AFCS) disen˜ados por medio de los controladores PID. El objetivo principal de los AFCSs
es aliviar la carga de trabajo del piloto. En SAS se empleo´ el control o´ptimo, concretamen-
te usando el problema de Seguimiento Lineal Cuadra´tico (LQT) y El Regulador Cuadra´tico
Lineal (LQR). Los sistemas de control de vuelo automa´ticos implementados son: Seguir
un rumbo o localizacio´n,mantener la actitud, adquisicio´n y mantenimiento de la altitud en
caso de vuelo estacionario, y seguir un rumbo o localizacio´n, mantener la actitud, adquisi-
cio´n y mantenimiento de la altitud y mantenimiento de la velocidad en el caso de un vuelo
de avance. Adema´s, con el fin de comprobar la robustez de los controladores tanto SAS
como AFCS, unas perturbaciones fueron an˜adidas al modelo. Las simulaciones del mo-
delo no lineal estando compensado muestran que la U1-H1 ha conseguido mantenerse
en vuelo a punto fijo o hovering y realizar un vuelo de avance de una manera satisfactoria.
Adema´s, los SAS y los AFCS frente a perturbaciones han mostrado un comportamiento
dina´mico satisfactorio.
Palabras clave: helico´ptero U1-H1, control o´ptimo, LQT,LQR, AFCS, PID, robustez, per-
turbacio´n, hovering, vuelo de avance
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Overview
In this bachelor thesis, a nonlinear mathematical model simulation and linear controller
design for the U1-H1 helicopter was achieved. This thesis is divided into two parts. In the
first part, the nonlinear dynamic model is developed using the Matrix Laboratory Software
and Heli-Dyn R© Software, which is a modeling and simulation tool for rotorcraft developed
by Dr. Ilkay Yavrucuk at Middle East Technical University. The non-linear model consists
in a contribution of main rotor, tail rotor, fuselage, gravitational model, horizontal and ver-
tical tail rotor. The U1-H1 main rotor non-linear mathematical model was build by use of
blade element momentum theory, inflow dynamics and flapping dynamics. The total forces
and moments are used in 6 degrees of freedom equations of motion model and helicopter
states are obtained for hover conditions and forward flight. Trim and linearization process
was done by Heli-Dyn R© Software. The second part consists in a stability augmentation
systems (SAS) followed by a set of automatic flight control systems (AFCS) designed by
use of PID controllers. The AFCS main objective is to ease the pilot by decreasing the
workload. The stability augmentation systems was designed by use of optimal control, es-
pecially Linear Quadratic Tracking Controller (LQT) and Linear Quadratic Regulator Con-
troller (LQR). The automatic flight control systems implemented are heading hold, attitude,
hold altitude acquire and hold mode for hover condition and heading hold, attitude hold,
altitude acquire and hold mode and airspeed hold for forward flight condition. Furthermore,
in order to check the robustness of the controllers and directory modes, disturbances were
added to the model.
The nonlinear model in trim mode simulations shown that the U1-H1 has achieved hover-
ing conditions and forward flight successfully. Furthermore, the controllers and directory
modes shown a successful dynamic behavior towards perturbations.
Keywords: Helicopter U1-H1, Optimal Control, LQT, LQR, AFCS, PID, Robustness, Distur-
bance, Hover, Forward Flight
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INTRODUCTION
The main objective of this bachelor thesis is building a flight simulation mathematical he-
licopter model for the U1-H1 helicopter and designing a stability augmentation systems
(SAS) by use of optimal control followed by designing a set of automatic flight control sys-
tems using PID controllers. In this thesis, the main rotor U1-H1 non-linear mathematical
model was build by use of blade element momentum theory, inflow dynamics and flap-
ping dynamics using Matrix Laboratory Software (MATLAB R©), while the other helicopter
elements the mathematical models were provided by Heli−Dyn R©Software, which is a
modeling and simulation tool for rotorcraft developed by Dr.Ilkay Yavrucuk at Middle East
Technical University. The U1-H1 linear model was obtained by the Heli−Dyn R© Software.
Given that the helicopter presents instability problems with respect to the airplanes, in or-
der to deal with issue and easing pilot controls by smoothing the collective, cyclics and
pedal control inputs using state feedback inputs a stability augmentation system was im-
plemented basing on linear quadratic tracking controller (LQT) for the for hover conditions
for lateral dynamic and for forward flight for longitudinal dynamic in order to track the initial
conditions. Adding to that, a Linear Quadratic Regulator Controller (LQR) was designed
for hover conditions for longitudinal dynamic and for forward flight for lateral dynamic.
After stability augmentation systems design, a set flight directory modes were design.
These flight directory modes which are selected by pilots in function of the flight missions.
For such missions like search and rescue, holding attitude, altitude and heading are re-
quested by pilots.
In chapter 1, a helicopter configuration is given. In chapter 2, non-linear dynamic model is
developed. This model consists in a contribution of main rotor, tail rotor, fuselage, gravi-
tational model, horizontal and vertical tail rotor. The chapter 3 emphasis on trimming and
linearization results. The chapter 4 presents a linear controllers design which are a sta-
bility augmentation systems followed by automatic flight control systems. The helicopter
simulations are given in the chapter 5. Finally, the conclusions.
1

CHAPTER 1. HELICOPTER CONFIGURATION
1.1. Introduction
1.2. Helicopter Flight Controls
A helicopter is an aircraft with one or more power-driven horizontal propellers or rotors that
enable it to take off and land vertically, to move in any direction, or to remain stationary in
the air [1]. The main rotor provides lift and most of the controls. The tail rotor counteracts
the torque generated by the main rotor, and provides rotational control. The main heli-
copter flight controls are the following: the collective pitch control, the cyclic pitch control,
the throttle control and the antitorque pedals or tail rotor control.
Figure 1.1: Collective pitch, Lateral pitch, longitudinal pitch,Tail rotor pitch and resulting
translatory directions [2].
3
4 Helicopter Mathematical Modelling And Optimal Controller Design
An important issue that engineers has to deal with consists in the asymmetrical velocity
field in the rotor during forward flight.
Figure 1.2: Profile of the velocity normal to the leading edge in hover and forward flight
In this figure1.2, Ω is the rotational speed or angular velocity (rad/sec), R is the rotor radius;
the length of the blade, measured from the hub to tip, V is the forward velocity of the vehicle
and ψ is called the azimuth of one blade, defined as zero in the downstream direction. This
angle measured from downstream to the blade span axis, in the direction of rotation of the
blade. The flow velocity is symmetrical in the case of the hovering flight, with respect
to the rotor hub. For the forward flight, for the advancing side (0 < ψ < 180) the normal
velocities are higher than in the hover situation, and for the retreating side (180 <ψ< 360)
the referred velocities are smaller and also it can suffer a reverse flow especially near the
hub. As consequence of dissymmetry of velocities, lift gradient is generated which yields
a roll moment in the rotorcraft. To overcome this issue, a use of hinges in the blade roots
is recommended, for example Cierva, since they enabled a flapping motion of the blades
such that the local angles of attack are changed to compensate for the asymmetrical lift
distribution. [3]
The fundamental blade motion consists of three motion: flapping motion, lagging (lead-lag)
motion, and feathering motion. The motion about the hinge lying in the rotor disk plane
produces out-of-plane deflection of the blade is called flapping motion, and due to Coriolis
effects, a corresponding motion is yield, the lagging motion, this motion is about the vertical
hinge which produces deflection of the blade in the plane of the disk. In addition to those
two motions, a third blade motion is taking place also, and it’s called a feathering motion,
this motion consists in a blade pitch changing, this change in blade pitch angle allows the
control of the aerodynamic forces on the rotor by the control of the angle of attack of the
blades[4]. The three fundamental blade motions and the hinge associated with each one
are illustrated in next figure.
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Figure 1.3: Fundamental blade motions. [Source: (Bramwell et al., 2001)]
1.2.1. Cyclic pitch
The cyclic pitch control allows flying the helicopter forward, rearward, left, and right. The
term cyclic derives from the sequential way each blade’s pitch is changed so that it takes
the flight path necessary to effect the change in direction.[1]
The aim of this control consist in tilting the tip-path plane in the direction of the desired hor-
izontal direction by introducing a cyclic change in the pitch of the blades. The swashplate
assembly, figure1.4, consists of a two plates, one is rotating and the other one is a nonro-
tating. The rotating plate rotates with the drive shaft and with the blades due to link that
connects them. The angle and position of the fixed plate is changed by control rods that
are controlled by the pilot. This angle is transmitted to the rotating plate (and thus to the
blades), which rotates on top of the fixed plate because of the spherical bearings between
them. [3]. Due to that the rotor disk is acting with a gyroscopic effect, the mechanical
linkages for the cyclic control rods are rigged in such a way that they decrease the pitch
angle of the rotor blade approximately 90 degrees before it reaches the direction of cyclic
displacement, and increase the pitch angle of the rotor blade approximately 90 degrees
after it passes the direction of displacement.[5]
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Figure 1.4: Generic helicopter control system. [Source: (Prouty & Curtiss, 2003)]
1.2.2. Collective pitch
The collective Pitch Control is a mechanism which allows to change to the pitch angle
of the main rotor blades simultaneously and collectively by raising or lowering this mecha-
nism. This is possible due to the vertical movement of the swashplate with a sliding surface
around the rotor shaft which is controlled by a lever located on the left side of the pilot.
Figure 1.5: Raising the collective pitch control increases the pitch angle, or angle of inci-
dence, by the same amount on all blades
As the blades pitch angle is increases, the angle of incidence on each blade is increased
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which conduce to a decrease in drag therefore the main rotor rpms increases, the same
argumentation is valid in case of decreasing the blades pitch angle. Taking into account
that a constant rotor rpms in helicopter operations is required and essential, the throttle
control is automatically adjusting engine power in order to compensate for the change in
drag. The collective pitch control thus acts as the primary control both for altitude and for
power.
1.2.3. Throttle
The throttle control is an integral part of the collective pitch assembly and is used in con-
junction with the collective pitch control.
The main function of the throttle control is regulating maintain the helicopter’s engine rpm.
The way in which this control is working is very similar to motorcycle throttle by twisting the
throttle to the left or to the right increases or decreases rpm respectively.
Figure 1.6: A twist grip throttle is usually mounted on the end of the collective lever. The
throttles on some turbine helicopters are mounted on the overhead panel or on the floor in
the cockpit.
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1.2.4. Anti-torque pedals
According to the principle of conservation of the angular momentum, as consequence of
the rotor rotation, a torque moment is generated in the same amount and opposite direc-
tion on the fuselage which yields a spin motion of the helicopter. In order to counteract
the torque produced by the engine, in a conventional single main rotor helicopter, a small
auxiliary rotor mounted on a tail boom generates a thrust force which produce an opposite
torque moment in order to avoid the spin motion and providing a directional control. In
order to control the tail rotor thrust, the antitorque pedals, control the pitch of the tail rotor
blades therefore the thrust of the tail rotor.
Figure 1.7: Antitorque pedals compensate for changes in torque and control heading in a
hover.
CHAPTER 2. NONLINEAR DYNAMIC MODEL
2.1. 6-DoF Flight Dynamics Model
2.1.1. Coordinate Axis Definition
The definition of the reference frames used within this report are given below. The trans-
lational and rotational velocities models are referenced to the body axes while the aircraft
attitude dynamic model is defined by the Euler angles using the vehicle carried vertical
reference frame. Finally, the aircraft position is defined with respect to the earth-fixed
reference frame FE. [6]
The body-fixed reference frame: is used to determine the attitude of the helicopter in
space. The origin of axes is at the center of mass of helicopter. The axis X points toward
the nose of the helicopter, the Z axis points to the right side and the Y axis points upward.
This axis has an important role in the flight dynamics.[7]
Inertial Axis System: this axis system is used in order to determine the helicopter flight
path in space. Its origin is at the center of the Earth. The axis Y points in the direction of
the vertical. The X axis points North and the way axis points East. [7]
Wind axes: this axes system is employed to determine aerodynamic loads, rotor wake and
rotor flap due to wind. Its origin is at the center of the mass of the helicopter. The X axis
points toward the velocity vector of the helicopter, the Y axis lies in the plane of symmetry
of the vehicle while the Z axis points toward right side.[7]
Navigation System (NED axis system): The vehicle-carried NED system is associated with
the flying vehicle. The origin is located at the center of gravity (CG) of the flying vehicle.
The X-axis points toward the ellipsoid north (geodetic north). The Y-axis points toward
the ellipsoid east (geodetic east). And the Z-axis points downward along the ellipsoid
normal.[8]
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Figure 2.1: Local NED, vehicle-carried NED, and body coordinate systems
Hub system: the hub axis system is used to determine the rotor aerodynamic loads and
the rotor flapping due to controls and body angular rates. The origin of this frame is at the
center of rotor hub. The Y axis points upwards and aligns with the rotor shaft. The axis X
points toward the nose of helicopter and perpendicular to axis Y, while the Z axis points to
the right side.
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2.1.2. Total Force and Moment at CG Model
In order to study the helicopter motion, we need to take into account the following forces
and moments effects respect to its center of gravity. There are two contributions to the
force term of the equation: one is the gravitational force resolved in the body axes system,
second consists in all other forces in the body axes system: main rotor, tail rotor, fuselage
and horizontal tail and vertical tail, represented as follows:
XCG = XCG+XMR+XTR+XFUS+XHT +XVT (2.1)
YCG = YCG+YMR+YTR+YFUS+YHT +YVT (2.2)
ZCG = ZCG+ZMR+ZTR+ZFUS+ZHT +ZVT (2.3)
2.1.3. Linear Velocity Calculation Model
In this section a linear velocity model was developed applying the Newton’s Second Law.
Firstly let defined the linear velocity, three angular rate components along the x-, y-, z-axis
in the body axes system, respectively as ub,vb, and wb and pb,qb, and rb . Furthermore,
we define the Euler angles as roll, pitch, and yaw respecively: φ, θ, ψ [9].
The forces contribution to this model consists in the gravitational force system plus the
rest of the component mentioned in previous section, these forces are expressed in the
body axes system. In addition to this terms, due to body rotation, a Coriolis acceleration is
originated and is represented by the cross-product between linear velocity and the angular
rate [9].
After we simplify terms we obtain the following model:
u˙ = rv−qw−gsin(θ)+ X
Ma
(2.4)
v˙ = pw− ru+gcos(θ)sin(φ)+ Y
Ma
(2.5)
w˙ = qu− pv+gcos(θ)cos(φ)+ Z
Ma
(2.6)
2.1.4. Rotational Dynamics Model
In this section, we obtain the rotational dynamic of the helicopter by applying the moment
equation. The resultant moments along the x-, y-, z-axis in the body axis system, re-
spectively are rolling (L), pitching (M), and yawing (N). The moment equation is given by
[9]:  p˙bq˙b
r˙b
= I−1{
pbqb
rb
× I
pbqb
rb
}+ I−1
LM
N
 . (2.7)
Where I is inertia matrix, in this point we emphasize that due to the fact that for the ma-
jority of the flying vehicles, the plane XZ is a plane of symmetry, as consequence, there
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are no coupling terms Iyz and Ixy , in case of a single main-rotor helicopter,which the case
in this thesis, has no plane of symmetry due to its tail rotor, but these coupling terms can
be neglected to simplify the resultant equations. For the inertial term associated with Ixz, it
will be a significant term in case of highly maneuverable motions. In addition to the inertial
coupling terms, there is a very interesting term which is called the gyroscopic effect, which
is due to its main rotor, and is the main source of roll and pitch dampings from the rotor in
an unaugmented rotorcraft. After saying that, the inertial matrix become [9].
I =
 Ixx 0 Ixz0 Iyy 0
−Ixz 0 Izz

After we simplify terms we obtain the following model for the rotational acceleration:
p˙ =
(Iyy− Izz)qr
Ixx
+
(Ixx(pq(Ixx− Iyy)+ rq+ Iyy− Izz)+ I2xxpq
I2xx+ IxxIzz
+
Ixz(N−L)
pq+ I2xx+ IxxIzz
+L (2.8)
q˙ =
1
Iyy
[(Izz− Ixx)pr− Ixz(p2− r2)]+ 1IyyM (2.9)
r˙ =
Ixz(rq− Iyy− Izz)− I2xzpq+ pq(Ixx− Iyy)
I2xz+ IxxIzz
+
N− IxzL
I2xz+ IxxIzz
(2.10)
2.1.5. Ground Axis Position Model
Using the Euler angle direction cosine transformation, the body axis velocities are con-
verted to earth relative velocities which when integrated, we obtain the NED axis positions.
ug = (ucos(θ)+wsin(θ))cos(φ)cos(ψ) (2.11)
vg = vcos(φ)+usin(φ) (2.12)
wg = (usin(θ)−wcos(θ))cos(φ) (2.13)
2.1.6. Attitude Dynamics Model
By the kinematic model, we define relationship between Euler angle derivatives and body
angular rates as follows:
φ˙ = p+qsin(φ) tan(θ)+ r cos(φ) tan(θ) (2.14)
θ˙ = qcos(φ)− r sin(φ) (2.15)
ψ˙ = qsin(φ)sec(θ)+ r cos(φ)sec(θ) (2.16)
CHAPTER 2. NONLINEAR DYNAMIC MODEL 13
2.2. Subsystems of the Nonlinear Model
In this chapter a U1-H1 helicopter nonlinear dynamic model is presented. This nonlinear
model is built by the contribution of the rotor inflow model, rotor flapping dynamics model,
main rotor modeling, fuselage model, vertical tail model and horizontal tail model. Fur-
thermore, a 6-DOF equations of motion model is designed in order to calculate body and
inertial states of the helicopter. Finally the 6-DOF equations of motion model contains the
translational and rotational dynamics.
2.2.1. Main Rotor Flapping Dynamics Model
A rotor blade of a helicopter is a rotating wing. Being of high aspect ratio it is flexible and is
characterized by flapping motion. The forces and moments which act on a rotating blade
of length R are illustrated in Figure 2.2 which represents the simplest kind of rotor blade:
rigid, articulated and without flap hinge offset or spring restraint [10]. The out-of-plane
deflection is denoted by z, the moment arm by r, the flapping angle by β and the angular
velocity of the rotor by Ω. It is assumed that the value of β is never large; hence: z = beta.r
[10].
A number of forces are acting on the mass element mdr where m is the mass /unit length:
1. An inertial force which opposes the flapping motion. This force has a moment arm, r,
about the flap hinge. From Figure 2.2 it can be seen that:
mz¨= mrβ¨ (2.17)
2. A centrifugal force acting radially outward. This force is mΩ2r; its moment arm is z.
3. An aerodynamic force normal to the blade. For small values of the flap angle, this force
is the lift L. Its moment arm is r.
Figure 2.2: Rigid rotor articulated blade.[10]
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The blade flapping angles were calculated with steady state, zero hinge offset, no flap
spring, no pitch flap coupling and zero angular rate assumptions. Steady state response
of β0, β1s, and β1c are[10]:
β0 = −
Mβ
IβΩ2
+λ[
θ0
8
(1+µ2)+
θt
10
(1+
5
6
µ2)+
λ
6
− µ
6
θ1s] (2.18)
β1s =
µ
6β0+
θ1c
8 (1+µ
2)
1
8(1+
µ2
2 )
(2.19)
β1c =
µ
3θ0+
µ
4θt+
µ
4λ− 18(1+ 32µ2)θ1s
1
8(1− µ
2
2 )
(2.20)
Where:
θ0 = collective pitch angle
θ1s = longitudinal cyclic pitch angle
θ1c = lateral cyclic pitch angle
Ω = rotor rotational speed
θt = blade twist
µ = advance ratio
λ = total inflow ratio
2.2.2. Main Rotor Inflow Dynamics Model
From Momentum Theory, we can derive the induced velocity at the rotor. And for the
calculations we made uniform inflow assumption. Inflow can be expressed as:
λ= µ tanα+
1
2
CT√
µ2+λ2
(2.21)
For the forward flight inflow factor can be solved by following point iteration technique.
Starting with an initial guess on denominator, new lambda can be found. This procedure
continues until new and old values gets close to each other within a tolerance. For hover,
inflow factor can be solved directly.
λ=
√
CT
2
(2.22)
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2.2.3. Main Rotor Forces and Moments Model
The hub-wind axes system is the system reference used in order to compute the main
rotor forces and moments. These quantities are: rotor thrust T , H-force Hw, Y-force Yw,
rolling moment Lw, pitching moment Mw, and rotor torque Q [9].
Figure 2.3: Thrust equation main rotor.[1]
The horizontal force can be computed:
Hw =
ηb
2
ρacR(ΩR)2{δµ
2a
(1− ε2)− 1
4
(θ0−K1β0)[2λµ(1− ε)
+(ε− 2
3
)β1c− 23β1c−
θt
4
[µλ(1− ε2)+2(ε
3
− 1
4
)β1c− β1c2 ]
+
1
4
(θ1c− k1β1c)[−β1sµ4 (1− ε
2)+
1µ
4
(1− ε2)β1s]+ 23β0]
+
1
4
(θ1s− k1β1s)[−3µ4 (1− ε
2)β1c+(1− ε2)(λ− β1cµ4 )]
+
1
4
(−4ε(1− ε)β1cλ)−3(1− ε2)λβ1c− (23 − ε)β1sβ0
+
µ
4
(ε(1− ε)(−β21cβ21s)+
1
4
(1− ε2)(−β21cβ21s)
−1
2
(1− ε2(−2β20)−
5
2
β21c+
1
2
β21s)}
(2.23)
Where the equivalent rotor blade profile drag coefficient, δ, is defined :
δ= 0.009+0.3(
6CT
σa
) (2.24)
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The thrust model is given by this closed-form:
T =
ηb
2
ρacR(ΩR)2{1
2
(1− ε2)λ+θ0[13 +
µ2
2
(1− ε)]+θ0[14 +
µ2
4
(1− ε2)]
−µ
2
2
(1− ε2)(θ1s− k1β1s)−β0[13 +
µ2
2
(1− ε)]k1+β1c[µ2ε(1− ε)]}
(2.25)
The side force can be computed :
Rolling, pitching and yaw moments using these following formulas defined in wind frame
using the following transformation:HHYH
T
=
 cos(β) sin(β) 0−sin(β) cos(β) 0
0 0 1)
HWYW
T
 (2.26)
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In this project we have teetering rotor and no flap spring, thus: Lw = 0 and Mw = 0.
Then, these forces can be transformed considering shaft tilt angle. These forces and
moments are defined in the body frame [9].XMRYMR
ZMR
=
cos(is) 0 −sin(is)0 1 0
sin(is) 0 cos(is)
−HHYH
−T
 (2.27)
LMRMMR
NMR
=
cos(is) 0 −sin(is)0 1 0
sin(is) 0 cos(is)
LHMH
Q
−
STAH−STACGBLH−BLCG
WLH−WLCG
XMRYMR
ZMR
 (2.28)
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2.2.4. Fuselage Aerodynamics Model
Because there is a difficulty in the determination of the aerodynamic database. Aerody-
namic forces and moments acting on the fuselage computations is a difficult task. An
alternative way to do that, is by estimating the equivalent flat-plate areas for all body-x,
body-y, and body-z axes and calculate correspondingly forces along those axes. Firstly,
we compute the velocity components acting on the fuselage in its local body axes system
[97] in order to compute the aerodynamic forces [9]:LMRMMR
NMR
=
uBvB
wB
+
 00
wiFU
 (2.29)
where wiFU is the interference velocity from the main rotor to the fuselage. Also, we empha-
size to that these interferences are neglected in this thesis, on the other side, the angular
rates effects are ignored here due to close distance between fuselage aerodynamic center
and body C.G. [9]
The forces on the fuselage assumed to act on the fuselage’s center of pressure:XFUYFU
ZFU
= 1
2
ρu2FU
S
f ront
re f
Ssidere f
Stopre f
 (2.30)
Where, S f rontre f , S
side
re f and S
top
re f are the equivalent flat-plate areas along the body-x, body-y,
body-z axes.
Moments due to the aerodynamic forces with respect to the body C.G. are [9]:LFUMFU
NFU
=−
STAFU −STACGBLFU −BLCG
WLFU −WLCG
XFUYFU
ZFU
 (2.31)
2.2.5. Tail Rotor Model
The main purposes of a tail rotor in case of conventional single main-rotor helicopter are
providing anti-torque for the main rotor and directional control supporting.
In terms of modelling, a tail rotor is very similar to a main rotor. Actually it is often treated
as a special case of the main rotor in terms of both flapping and force calculations. Also,
there are some special features associated with the tail rotor. These features consists in
that, firstly, the tail rotor has only collective for the thrust, and hence there is no cyclic pitch
control, and secondly the tail rotor rotates at a much faster speed, hence a steady state
blade flapping response in the non-rotating frame is sufficient. [9]
The velocity components at the body C.G. frame is transformed to the local velocity at the
hub of the tail rotor:uTRvTR
wTR
=
ubvb
wb
+
STATR−STACGBLTR−BLCG
WLTR−WLCG
pbqb
rb
+
 00
witr
 (2.32)
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where wiHT is the velocity that accounts for the interference from the main rotor to the tail
rotor. The inflow ratio for the tail rotor is very similar to that for the main rotor.
For the tail rotor thrust, H force, and Y force, can be applied by selecting corresponding
tail rotor parameters and setting D0. The rolling and pitching moments of the tail rotor are
zero due to its teetering configuration. For the tail rotor torque, the same main rotor model
can be applied.
2.2.6. Horizontal Tail Model
In steady forward flight, the horizontal tail can generate a trim load in order to compensate
main rotor longitudinal flapping in forward and steady flight conditions. Furthermore, due to
angle of attack variation, the horizontal tail has ability to provide a stabilizing pitch moment
in order to enhance the pitch stability. Finally, we can notice that, lift on the horizontal tail
is the dominant force while pitch moment is the dominant moment [9].
2.2.7. Vertical Tail Model
Between the vertical tail and horizontal tail the differences are minor an additional interfer-
ence effect from the tail rotor to the vertical tail [97]. The velocity components acting on
the vertical tail in its local body axes system are as follows [9]:uVTvVT
wVT
=
ubvb
wb
+
STAVT −STACGBLVT −BLCG
WLVT −WLCG
pbqb
rb
+
 0kvtrwitr
wiVT
 (2.33)
Where wiVT is the interference velocity from the main rotor to the vertical tail. And the cal-
culation of forces and moments for the vertical tail can be directly referred to the previous
section.
2.2.8. Gravitational Force Model
In this model forces due to gravity rotated through pitch and roll angles are calculated.
Equations of gravitational force model are given below:
XCG = −mgsin(θ) (2.34)
YCG = −mgsin(θ)cos(θ) (2.35)
ZCG = mgcos(θ)cos(φ) (2.36)

CHAPTER 3. TRIMMING AND LINEARIZATION
3.1. Model Inputs, Outputs and States
The model inputs are the: collective, longitudinal cyclic swashplate and lateral cyclic are
defined:
For main rotor:
θMR(ψ) = θ0−θ1ccos(ψ)−θ1csin(ψ) (3.1)
And for tail rotor:
θTR(ψ) = θp (3.2)
θMR(ψ) is the pitch angle at the root section of the main rotor blade as a function of azimuth
angle ψ.
θ0 is the collective control, θ1s is the longitudinal cyclic swashplate control and θ1c is the
lateral cyclic swashplate control. For tail rotor, θp is the pedal control which works similar
to collective control in main rotor.
The outputs of the system and states are: x = [u w q θ v p φ r]. Where the units of the
linear velocity components are [ft/s]. Angular velocities are in [rad/s] while Euler angles,
control inputs and flapping angles are given in radians.
3.2. Trimming Specifications and Results
The trim calculations are conducted by the use of the Heli-Dyn software.
3.3. Linearization Methodology and Results
The nonlinear helicopter was linearized using the Heli-Dyn software by perturbing the
model forward and backward around that trim point.
The longitudinal linearized model for U1-H1 at hover in state space representation is:

u˙
w˙
q˙
θ˙
=

−0.0128 0.0362 2.5520 −32.0042
0.0192 −0.4069 −0.5149 −2.9592
−0.0028 −0.0016 −0.4151 0
−0.0000 −0.0000 0.9958 0


u
w
q
θ
+

32.9444 39.1248
0 −423.1459
−3.4738 −0.0000
−0.0347 −0.0001

(
δlong
δcoll
)
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The lateral linearized model for U1-H1 at hover in state space representation is:
v˙
p˙
ϕ˙
r˙
=

−0.0445 −2.6031 32.0042 0.7375
−0.0086 −1.3419 0 0.1297
−0.0001 0.9864 0 0.0934
0.0135 −0.1554 0 −0.3508


v
p
ϕ
r
+

32.9444 16.5630
17.0309 3.8366
0.1724 0.0310
2.3338 −7.9408
( δlatδpedal
)
The longitudinal linearized model for U1-H1 at forward flight in state space representation:

u˙
w˙
q˙
θ˙
=

−0.0768 0.0676 5.8709 −32.1172
−0.0242 −1.0252 107.6114 1.2298
0.0015 −0.0200 −0.5187 0
0.0000 −0.0002 0.9948 0


u
w
q
θ
+

25.7672 36.2087
95.0907 −518.4319
−3.2190 −1.1076
−0.0322 −0.0112
( δlongδcoll
)
The lateral linearized model for U1-H1 at forward flight in state space representation is:

v˙
p˙
ϕ˙
r˙
=

0.0031 −0.7843 0 −0.0105
−0.0445 −2.8832 −0.0874 0
−0.0001 0.0980 0 0
−0.0000 0.0010 0 −0.0027


v
p
ϕ
r
+

32.4654 19.1145
16.7773 4.8541
0.1669 0.0521
2.2886 −9.1923
( δlatδpedal
)
The trim results are represented in the following table:
Variable Hover Forward Flight Units
θ0 13.97 12.90 deg
θ1s 0.14 0.32 deg
θ1c -3.27 -2.67 deg
θp 8.77 4.26 deg
θ 5.28 -2.19 deg
φ 0.038 0.15 deg
β1s -0.002 0.01 rad
β1c -0.05 -0.04 rad
thrust 6654.54 6549.39 lb
Table 3.1: Trim results for hover conditions anf forward flight
CHAPTER 4. LINEAR CONTROLLER DESIGN
4.1. Controllability and Observability
The controllability of a system is a necessary condition for the existence of a solution, since
the goal is to transfer a system from an arbitrary initial state to the origin which is the main
requirement of a controllable system.[11]
The concept of observability is due to observing the output during a finite time interval and
being able to determine the initial state.[11]
To determine if the system is observable and controllable, a simple Matlab code was used.
4.2. Stability Augmentation System Using Optimal Con-
trol
An optimal control system is one which provides the best possible performance from its
class when it responds to some particular input. To judge whether the system’s perfor-
mance is optimal requires some means by which the quality of the performance can be
measured, and for this it is customary to adopt an integral of the form:[10]
J =
∫ T
t
f (x,u, t)dt. (4.1)
A system is normally considered to have been optimized if some control input, u0, has
been used such that the value of J is least over the period from t0, when the response is
considered to have started, to T , when the response ceases. [10]
4.2.1. Linear Quadratic Tracking Controller-LQT
Linear quadratic tracker (LQT) is an optimal and robust technique for Multi Input Multi Out-
put (MIMO) control which not only tries to find best controller that has the best performance
according to a performance index but at the same time track any reference. This method
has a similar tuning process with linear quadratic regulator (LQR).[12]
Given the following linear observable system:
˙x(t) = A(t)x(t)+B(t)u(t) (4.2)
y(t) = C(t)x(t) (4.3)
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The desired output z(t) , the error e(t) = z(t) -y(t) , and the performance index:
J =
1
2
e(t f )TF(t f )e(t f )+
1
2
∫ T
t
[e(t f )TQ(t f )e(t f )+u(t f )TR(t f )u(t f ) ]dt (4.4)
Where Q(t) and F(t) are mxm symmetric, positive semi definite matrices. R(t) is a rxr
symmetric positive definite matrix. z(t) is the mth order desired output and u(t) is the rth
order control vector. It is desired that the output of the system, y(t), tracks the reference
signal z(t) while minimizing the quadratic cost function in equation(4.1). The optimal control
is given by:
u∗(t) =−R−1(t)BT (t)[P(t)x∗(t)−g(t)] =−K(t)x∗(t)+R−1(t)BT t)g(t) (4.5)
Where the nxn symmetric, positive definite matrix P(t) is the solution of the nonlinear,
matrix differential Riccati equation (DRE):
˙P(t) =−P(t)A(t)−AT (t)P(t)+P(t)E(t)P(t)−V (t) (4.6)
With final condition
P(t f ) =CT (t f )F(t f )C(t f ) (4.7)
And the nth order g(t) is the solution of the linear, nonhomogeneous vector differential
equation:
˙g(t) = [P(t)E(t)−AT (t)]g(t)−W (t)z(t) (4.8)
With final condition:
g(t f ) =CT (t f )F(t f )C(t f ) (4.9)
And
E(t) = B(t)R−1(t)BT (4.10)
V (t) = CT (t)Q(t)C(t) (4.11)
W (t) = CT (t)Q(t) (4.12)
(4.13)
The optimal state (trajectory) is the solution of the linear state equation:
˙x(t) = [A(t)−ET (t)P(t)]x∗(t)+E(t)g(t) (4.14)
And the optimal cost:
J∗(t0) =
1
2
x∗T (t0)P(t0)x∗(t0)− x∗(t0)g(t0)+h(t0) (4.15)
Where h(t) is the solution of:
˙h(t) =−1
2
gT (t)E(t)g(t)− 1
2
zT (t)Q(t)z(t) (4.16)
with final condition :
h(t f ) =−zT (t f )P(t f )z(t f ) (4.17)
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However, equations (4.2) to (4.17) are for a finite-time case problem. For the infinite-
horizon problem, consider equations (4.2) and (4.3) but with time invariant system matri-
ces, and the performance index chosen as:
lim
t f→∞
J = lim
t f→∞
1
2
∫ t f
t0
[et(t)Q(t)e(t)+ut(t)R(t)u(t)]dt (4.18)
By using the results obtained in the finite-time case above and letting t f → ∞, we obtain
the solutions for the infinite time case. As t f →∞, the matrix function P(t)in equation (4.6)
tends to the steady-state value Pas the solution of the following algebraic Riccati equation
−PA−AtP+PBR−1BtP−CtQC = 0 (4.19)
Also, the vector function g(t)in equation (4.8) tends to a finite function. For slowly varying
input signals z(t), g(t)can be obtained by setting the derivative in equation (4.8) to zero
and solving for g(t). Thus,
g(t) = [PE−At ]−1Wz(t) (4.20)
Where
E = BR−1Bt (4.21)
W =CtQ (4.22)
Then the optimal control becomes:
u(t) =−R−1Bt [Px(t)−g(t)] (4.23)
Substituting equation (4.20) into equation (4.23) and factorizing:
u(t) = Kx(t)+Kz.z(t) (4.24)
Where
K =−R−1BtP
Kz = R−1B[PE−At ]−1W (4.25)
K and Kz are the controller gains for a linear quadratic optimal tracking controller.
26 Helicopter Mathematical Modelling And Optimal Controller Design
4.2.2. Linear Quadratic Regulator Controller-LQR
Linear quadratic regulator is a widely used modern control technique. Its easy implemen-
tation is more easily then linear quadratic optimal tracking controller and its optimality for
linear time invariant systems. It is an optimal and robust technique for Multi Input Multi Out-
put (MIMO) control systems. LQR controller tries to minimize the following performance
index given as:
J =
1
2
∫ T
t
[x(t f )TQ(t f )x(t f )+u(t f )TR(t f )u(t f ) ]dt (4.26)
4.3. Automatic Flight Control System Design
A Proportional-Integral-derivative (PID) controller is a very common feedback loop element
in controller design. This controller adjust the output of the system based on the history
and rate of change of the error signal. Furthermore PID design does not require advanced
mathematics such optimal controllers.
PID control laws consists of applying the sum of three types of control actions, which are:
Proportional action: the input to the process is proportional to the control error. Where ub
is a bias and kp is the proportional gain.
u(t) = kpe(t)+ub (4.27)
The integral action: provides that the steady state error goes to zero. Its contribution is
proportional to both magnitude of error and its duration. This will increase the speed of
convergence to the desired reference but since it responds to accumulated errors from
past this will cause some overshoot the reference value. Here is the integral gain.[13]
u(t) = ki
∫ T
0
e(τ)dτ (4.28)
Where ki is the integral gain.
Derivative action: is based on the predicted future value of the control error. This controller
has a great potentiality in the control performance improvement by anticipating an incorrect
trend of the control error and counteract for it. [13]. This action improves the settling time
and overshoot of the system, increasing stability.
u(t) = kd
de(t)
dt
(4.29)
Where kd is the derivative gain.
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4.3.1. Altitude Acquire and Hold Mode
The autopilot’s altitude mode maintains an assigned barometric altitude. In other words,
the autopilot seeks to maintain the same barometric pressure (altitude) that the aircraft
was flying at the time that the altitude mode was engaged.
4.3.2. Roll Hold Mode
The Roll hold mode is an automatic flight control system which allows to the pilot to hold
the roll angle. This mode is designed by the use of the PID controller.
4.3.3. Pitch Hold Mode
The pitch attitude hold mode is an aircraft flight control system which prevents pilots from
constantly having to control the pitch attitude. In a turbulent air, this system is playing an
important role during navigation. In addition to that, this system uses the data from the
vertical gyroscope as input (feedback), and controls the helicopter through the longitudinal
cyclic or elevator in case of an airplane. Its mechanism consist in sending a signal to the
SAS, which then again uses this as a reference signal to control the servo. The pitch con-
troller design consists of a proportional, an integral and a derivative action after choosing
the right gains, a perturbation signal was added to the system in order to cheek how robust
is the AFCS.
4.3.4. Heading Hold Mode
The heading hold mode is used to steer the aircraft automatically along a pilot selected
heading. This mode prevents pilots from a constantly control of the heading particularly
when there is a crosswind. This controller‘s design consists of a proportional, an integral
and a derivative action after choosing the right gains, a perturbation signal was added to
the system in order to cheek how robust is the AFCS.
4.3.5. Velocity Acquire and Hold Mode
The velocity Acquire and Hold Mode aircraft flight control system is designed for forward
flight case. This mode the longitudinal velocity increases or decreases in order to achieve
and hold the commanded velocity during the forward flight.

CHAPTER 5. HELICOPTER SIMULATION
5.1. Helicopter simulation results with disturbance for 1000
ft hover flight
5.1.1. Non-linear model simulation for hover flight condition in trim
mode
Given that in trim conditions, the total forces and moments acting on the helicopter should
be zero, this issue is manifesting in that the helicopter orientation, position and velocity
should be conserved,furthermore the body axes translational and rotational accelerations
should be zero. The following figures show all the previous magnitudes time change.
Figure 5.1: Helicopter positions during trim conditions
Where XE1, XE2 and XE3 respectively are: longitudinal, lateral and vertical positions in
[ f t].
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Figure 5.2: Euler angles during trim flight condition
Where XE4, XE5 and XE6 are: pitch, roll and yaw Euler angles in [rad].
Figure 5.3: Body translational velocities trim flight condition
Where VA1, VA2 and VA3 respectively are: longitudinal, lateral and vertical transalational
velocities in [ f t/s].
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Figure 5.4: Euler angular rates during trim flight condition
Where VA4, VA5 and VA6 respectively are Euler angular rates in [rad/s].
Figure 5.5: Body axis accelerations during trim flight condition
Where AB1, AB2 and AB3 respectively are: longitudinal, lateral and vertical translational
accelerations in [ f t/s2].
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Figure 5.6: Body axis angular accelerations during trim flight condition
Where AB1, AB2 and AB3 respectively are: longitudinal, lateral and vertical rotational
accelerations in [rad/s2].
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5.1.2. LQR design for hover conditions for longitudinal dynamic
The objective of a controller design is to drive all initial states to the reference states, or
initial condition errors to zero. It is also desirable to bring the initial state to the steady
state as quickly as possible. To achieve these goals, the LQR controller is implemented in
order to augment the longitudinal system stability.The gains and design matrices are given
below.The linear system state space matrix for longitudinal dynamic is:
A=

−0.0128 0.0362 2.5520 −32.0042
0.0192 −0.4069 −0.5149 −2.9592
−0.0028 −0.0016 −0.4151 0
−0.0000 −0.0000 0.9958 0

The eigenvalues are:
λ1 =−0.3871+0.3533i
λ2 =−0.3871−0.3533i
λ3 =+0.3417+0.0000i
λ4 =−0.4024+0.0000i
The third eigenvalue indicates that the system is unstable.
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And the LQR gain is found to be:
K =
[
85.72 7.53 −9111.46 −12104.88
13.05 −99.21 76.33 −43.74
]
The weighting matrix Q for states is:
Q=

0,001 0 0 0
0 0,001 0 0
0 0 10 0
0 0 0 10

And the weighting matrix R for control inputs is:
R=
(
1e−07 0
0 1e−07
)
The table5.1 represents the disturbances to the model at the same interval time:
State variable Disturbance magnitude Interval time Unit
u 1 [39.8-49.8] And [90-100] ft/s
w -1 [39.8-49.8] And [90-100] ft/s
q 0.1 [39.8-49.8] And [90-100] rad/s
θ 0.01 [39.8-49.8] And [90-100] rad
Table 5.1: Signal disturbances for hover conditions longitudinal dynamic
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The states simulations are shown in the following figures with disturbances effects:
Figure 5.7: Forward velocity with disturbances in hover conditions
Figure 5.8: Vertical velocity with disturbances in hover conditions
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Figure 5.9: Pitch rate with disturbance in hover conditions
Figure 5.10: Pitch angle with disturbance in hover conditions
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5.1.3. LQT design for hover conditions for lateral dynamic
For the lateral dynamic in hover conditions, a LQT was designed in order to augment the
system stability and track the initial conditions.
The linear system state space matrix for lateral dynamic is:
A=

−0.0445 −2.6031 32.0042 0.7375
−0.0086 −1.3419 0 0.1297
−0.0001 0.9864 0 0.0934
0.0135 −0.1554 0 −0.3508

The eigenvalues are:
λ1 =−1.4901+0.0000i
λ2 =−0.1548+0.4042i
λ3 =−0.1548−0.4042i
λ4 =+0.0624+0.0000i
The last eigenvalue indicates that the system is unstable.
And the LQT gains found to be:
Kz =
[
0,03 0,26 1,70 0,16
0,33 0,50 7,37 −0,79
]
And
K =
[ −0,03 −0,26 −1,70 −0,16
−0,33 −0,50 −7,37 0,79
]
The weighting matrix Q for states is:
Q=

10 0 0 0
0 1 0 0
0 0 9010 0
0 0 0 100

And the weighting matrix R for control inputs is:
R=
(
3188,77 0
0 51,24
)
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The states simulations are shown in the following figures with the following disturbances at
the same interval time:
State variable Disturbance magnitude Interval time Unit
v 1 [20-25] And [90-95] ft/s
p 0.04 [20-25] And [90-95] ft/s
φ 0.1 [20-25] And [90-95] rad/s
r 0.04 [20-25] And [90-95] rad
Table 5.2: Signal disturbances for hover conditions lateral dynamic
Figure 5.11: Lateral velocity tracking initial condition with disturbances
Figure 5.12: Roll rate tracking initial condition with disturbances
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Figure 5.13: Roll angle tracking initial condition with disturbances
Figure 5.14: Yaw rate tracking initial condition with disturbances
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5.1.4. Altitude Acquire and Hold Mode Design
The helicopter altitude is controlled by means of collective control input which dynamic is
assumed to be ideal.Also the dynamics of the altimeter is assumed to have a unity feed-
back gain. A disturbance signal is introduced in the interval time [43.5-50.5] and [107.5-
114.5] with an amplitud of plus 3 [ft] and minus 3 [ft] respectively.The transfer function of
vertical velocity as output and the collective control input is obtained:
w
δcoll
(s) =
−423.1s3−3.021e05s2−6.85e06s−9.936e05
s4+8.406e05s3+5.997e08s2+1.36e10s+1.974e090
(5.1)
The PID gains are given in the following table:
Proportional Integral Derivative
3000 1000 1000
Table 5.3: Altitude acquire and hold mode design PID gains
Figure 5.15: Altitude acquire and hold hode design actual block diagrams
Figure 5.16: Altitude acquire and hold mode design
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5.1.5. Roll Hold Mode Design
In order to design a roll hold mode a related transfer function of roll attitude as output to the
lateral cyclic control input is requiered. A disturbance signal is introduced in the interval
time [5.4-9.8] and [45-50.1] with an amplitud of 0.21 [rad].The transfer function is given
bellow:
φ
δlat
(s) =
0.1725s3+19.14s2+189.1s−2.625
s4+22.05s3+151.8s2+478.7s+361.5
(5.2)
A zero-pole cancellation method by pole placement was used in order to reduce the system
order. By this method, the syetem is reduced to a first order system.The new transfer
function is given:
φ
δp
(s) =
0.175
(s+13.09)
(5.3)
And the desired poles were:
p = [-100;-10.97;0.013;-13.09]
The PID gains are given in the following table:
Proportional Integral Derivative
101.5 2656.23 -0.28
Table 5.4: Roll hold mode design PID gains
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Figure 5.17: Roll hold mode actual block diagrams
Figure 5.18: Roll Hold Mode Design
5.1.6. Pitch Hold Mode Design
In order that a vertical take-off and landing aircraft be able to hover, a constant pitch must
be remain during the hovering phase. Sometimes a nonzero pitch attitude to maintain
hover is requiered especially in presence of wind.
The design of this mode was based on the controller equation which is given by [14]:
where θc denotes the commanded pitch attitude (measured in radians), b is a controller
design parameter, and kθ =−400 is a pitch attitude proportional gain constant.
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A disturbance signal is introduced in the interval time [25-30] and [81-86] with an ampli-
tud of 0.06 [rad] and -0.06 [rad].The related transfer function of pitch attitude respect to
longitudinal cyclic control input is obtained:
θ
δlong
(s) =
−0.03217s3−1.199e04s2−1.199e06s−8.857e04
s4+4.751e05s3+4.402e09s2+1.051e10s+1.133e10
(5.4)
The PID gains are given in the following table:
Proportional Integral Derivative
-100 2.4e4 66
Table 5.5: Pitch hold mode design PID gains
Figure 5.19: Pitch hold mode actual block diagrams
Figure 5.20: Pitch hold mode design
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5.1.7. Heading Hold Mode Design
The heading of the aircraft is taken as its yaw angle, since it is assumed that any turn the
aircraft makes under automatic control will be coordinated. Hence, any sideslip angle is
zero.
A disturbance signal is introduced in the interval time [25-30] and [85-90] with an amplitud
of 0.1 [rad] and -0.1 [rad].The related transfer function of yaw rate attitude respect to longi-
tudinal pedal control input is obtained and the output was integrated in order to obtain the
yaw attitude angle:
r
δpedal
(s) =
−0.03217s3−1.199e04s2−1.199e06s−8.857e04
s4+4.751e05s3+4.402e09s2+1.051e10s+1.133e10
(5.5)
The PID gains are given in the following table:
Proportional Integral Derivative
-3.6 0 0
Table 5.6: Heading hold mode design PID gains
Figure 5.21: Heading hold mode actual block diagrams
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Figure 5.22: Heading hold mode design
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5.2. Helicopter simulation results with disturbance for 1000
ft and 60 knots forward flight
5.2.1. Non-linear model simulation for forward flight condition in trim
mode
Given that in trim conditions, the total forces and moments acting on the helicopter should
be zero, this issue is manifesting in that the helicopter orientation, position and velocity
should be conserved,furthermore the body axes translational and rotational accelerations
should be zero. The following figures show all the previous magnitudes time change.
Figure 5.23: Helicopter positions during trim conditions
Where XE1, XE2 and XE3 respectively are: longitudinal, lateral and vertical distances in
[ f t].
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Figure 5.24: Euler angles during trim flight condition
Where XE4, XE5 and XE6 respectively are: pitch, roll and yaw euler angles in [rad].
Figure 5.25: Body translational velocities trim flight condition
Where VA1, VA2 and VA3 respectively are: longitudinal, lateral and vertical transalational
velocities in [ f t/s].
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Figure 5.26: Euler angular rates during trim flight condition
Where VA4, VA5 and VA6 respectively are: longitudinal, lateral and vertical rotational ve-
locities in [rad/s].
Figure 5.27: Body axis accelerations during trim flight condition
Where AB1, AB2 and AB3 respectively are: longitudinal, lateral and vertical translational
accelerations in [ f t/s2].
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Figure 5.28: Body axis angular accelerations during trim flight condition
Where AB1, AB2 and AB3 respectively are: longitudinal, lateral and vertical rotational
accelerations in [rad/s2].
5.2.2. LQT design for forward flight for longitudinal dynamic
The objective of a controller design is to drive all initial states to the reference states, or
initial condition errors to zero. It is also desirable to bring the initial state to the steady state
as quickly as possible. For the lateral dynamic in forward flight, a LQT was designed in
order to augment the system stability and track the initial conditions.
The gains and design matrices are given below. And the initial conditions to track are:
u [ft/sec] w[ft/sec] q[deg] theta[deg]
101.19 -3.87 0 -10.4
The linear system state space matrix for longitudinal dynamic is:
A=

−0.0445 −2.6031 32.0042 0.7375
−0.0086 −1.3419 0 0.1297
−0.0001 0.9864 0 0.0934
0.0135 −0.1554 0 −0.3508

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The eigenvalues are:
λ1 =−0.7690+1.4328i
λ2 =−0.7690−1.4328i
λ3 =−0.0414+0.1519i
λ4 =−0.0414−0.1519i
The eigenvalues indicates that the system stable.
And the LQT gains are found to be:
Kz =
[
204,32 1223,87 −757,16 −7792,74
38,90 −673,57 −119,94 −1414,92
]
K =
[ −204,32 −1223,87 757,16 7792,74
−38,90 673,57 119,94 1414,92
]
The weighting matrix Q for states is:
Q=

0,90 0 0 0
0 82,80 0 0
0 0 59,05 0
0 0 0 590,49

And the weighting matrix R for control inputs is:
R=
(
1,37e−05 0
0 1,37e−04
)
The states simulations are shown in the following figures with the following disturbances at
the same interval time:
State variable Disturbance magnitude Interval time Unit
u 1 [39.8-49.8] And [90-100] ft/s
w -1 [39.8-49.8] And [90-100] ft/s
q 0.1 [39.8-49.8] And [90-100] rad/s
θ 0.1 [39.8-49.8] And [90-100] rad
Table 5.7: Signal disturbances for forward flight longitudinal dynamic
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Figure 5.29: Longitudinal velocity tracking of U1-H1 with disturbances
Figure 5.30: Vertical velocity tracking of U1-H1 with disturbances
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Figure 5.31: Pitch rate tracking with disturbances
Figure 5.32: Pitch angle tracking with disturbances
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5.2.3. LQR design for forward flight for lateral dynamic
LQR controller is implemented in order to augment the system stability.The linear system
state space matrix for lateral dynamic is:
A=

0.0031 −0.7843 0 −0.0105
−0.0445 −2.8832 −0.0874 0
−0.0001 0.0980 0 0
−0.0000 0.0010 0 −0.0027

The eigenvalues are:
λ1 =−2.8922
λ2 =+0.128
λ3 =−0.0005
λ4 =−0.0027
The second eigenvalue indicates that the system is unstable.
And the LQR gain is found to be:
K =
[
443,37 −707,40 −8765,68 2857,88
123,37 −197,36 −2709,11 −9581,18
]
The weighting matrix Q for states is:
Q=

4 0 0 0
0 4 0 0
0 0 360000 0
0 0 0 360000

And the weighting matrix R for control inputs is:
R=
(
0,0036 0
0 0,0036
)
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The states simulations are shown in the following figures with the following disturbances at
the same interval time:
State variable Disturbance magnitude Interval time Unit
v 1 [15-20] And [75-80] ft/s
p 0.01 [15-20] And [75-80] ft/s
φ 0.1 [15-20] And [75-80] rad/s
r 0.01 [15-20] And [75-80] rad
Table 5.8: Signal disturbances for forward flight lateral dynamic
Figure 5.33: Lateral velocity with disturbances in forward flight
Figure 5.34: Pitch rate with disturbances in forward flight
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Figure 5.35: Roll angle with disturbances in forward flight
Figure 5.36: Yaw rate with disturbances in forward flight
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5.2.4. Altitude Acquire and Hold Mode Design
The helicopter altitude is controlled by means of collective control input which dynamic is
assumed to be ideal.Also the dynamics of the altimeter is assumed to have a unity feed-
back gain. A disturbance signal is introduced in the interval time [43.5-50.5] and [107.5-
114.5] with an amplitud of plus 3 [ft] and minus 3 [ft] respectively.
The transfer function of vertical velocity as output and the collective control input is ob-
tained:
w
δcoll
(s) =
−518.4s3−4.915e06s2−1.175e07s−1.251e07
s4+4.751e05s3+4.402e09s2+1.051e10s+1.133e10
(5.6)
The PID gains are given in the following table:
Proportional Integral Derivative
600 100 0.01
Table 5.9: Heading hold mode design PID gains
Figure 5.37: Altitude acquire and hold mode actual block diagrams
Figure 5.38: Altitude acquire and hold mode design
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5.2.5. Roll Hold Mode Design
A disturbance signal is introduced in the interval time [25-30] and [85-89] with an amplitud
of 0.1 [rad]. The related transfer function of roll attitude to lateral cyclic control input is
obtained.
φ
δp
(s) =
0.1669s3+1.604e04s2+2.03e05s−1.619e04
s4+7.739e04s3+1.483e09s2+1.863e09s+4.783e08
(5.7)
The PID gains are given in the following table:
Proportional Integral Derivative
81 250 -0.3
Table 5.10: Roll hold mode design PID gains
Figure 5.39: Roll hold mode actual block diagrams
Figure 5.40: Roll hold mode design
58 Helicopter Mathematical Modelling And Optimal Controller Design
5.2.6. Pitch Hold Mode Design
A disturbance signal is introduced in the interval time [25-30] and [81-86] with an ampli-
tud of 0.06 [rad] and -0.06 [rad].The related transfer function of pitch attitude respect to
longitudinal cyclic control input is obtained:
θ
δlong
(s) =
−0.03474s3−1480s2−1.477e05s−5792
s4+7.739e04s3+1.483e09s2+1.863e09s+4.783e08
(5.8)
The PID gains are given in the following table:
Proportional Integral Derivative
-100 2.4e4 66
Table 5.11: Pitch hold mode design PID gains
Figure 5.41: Pitch hold mode actual block diagrams
Figure 5.42: Pitch hold mode design
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5.2.7. Heading Hold Mode Design
In the heading hold mode of the U1-H1 a directional gyro is used. In this mode, the
heading angle is controlled by establishing a certain bank angle and holding that angle
until the desired heading change is achieved. Therefore, a bank angle control loop was
designed as an inner for this mode is given bellow, where gus is the transfer
ψ(s)
φ(s) function
in the forward path of the outer loop [15]. And the roll angle gain is kphi =
1
2
the lateral
cyclic servo is modeled as
10
s+10
, the yaw angle gains consist on a PID controller which
gains are shown in the following table. Finally, the bank angle gyro and the heading angle
gyro feedback gains are considered to be ideal. A disturbance signal is introduced in the
interval time [25-30] and [85-90] with an amplitud of 0.1 [rad] and -0.1 [rad].
A zero-pole cancellation methode by pole placement was used in order to reduce the
system order. By this methode, the syetem is reduced to a first order system.The new
transfer funsction is given:
φ
δp
(s) =
0.16
(s+10.2)
(5.9)
And the desired poles were:
p = [-96096.6357807917;-12.7395806439691;0.0792149329504011;-10.2046853011712];
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The PID gains are given in the following table:
Proportional Integral Derivative
1000 500 300
Table 5.12: Heading hold mode design PID gains
Figure 5.43: Heading hold mode actual block diagrams
Figure 5.44: Heading hold mode design
When a turn is commanded, considering a constant speed and constant altitude which is
the case, the helicopter will requiere more lift which requieres more negative lateral cyclic
deflection, at the same time more drag is generated which means in this case the pilot has
to increase more the thrust, this issue can be fixed with a modern autopilot [15].
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5.2.8. Velocity Acquire and Hold Mode Design
A disturbance signal is introduced in the interval time [46-50] and [107-114] with an ampli-
tud of 0.5 [ft/s] and -0.5 [ft/s].The related transfer function for forward speed to longitudinal
cyclic input is obtained.
u
δlong
(s) =
25.77s3+1.131e07s2−7.308e06s+3.787e07
s4+4.751e05s3+4.402e09s2+1.051e10s+1.133e10
(5.10)
The PID gains are given in the following table:
Proportional Integral Derivative
-97.2780 0 0
Table 5.13: Velocity acquire and hold mode design PID gains
Figure 5.45: Velocity acquire and hold mode actual block diagrams
Figure 5.46: Velocity acquire and hold mode design
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CONCLUSIONS
The helicopter is an extremely unstable aircraft. These instabilities require a reliable con-
trol to be developed in order to make the helicopter more effective during all missions.
An optimal robust full states feedback controller consisting of a linear quadratic tracking
controller (LQT) and Linear Quadratic Regulator Controller (LQR) controller for linear time
invariant systems, as a stability augmentation system, with automatic flight control system
have been presented in this thesis. Due to its robustness and reliability, both LQT and
LQR controller were employed for this. In terms of implementation and weighting matrices
design, LQT problem was more demanding than LQR problem. The AFCS systems were
designed using PID techniques a pole placement in order to decrease the order of the sys-
tem. The sensitivity of the system was cheeked by introducing a signal perturbation during
more than one time interval. The controller’s response were immediate bringing back the
system to its original and stable situation. Being a military helicopter, during the controller
response design, the comfort of the passengers and the crew wasn’t taken into account.
The blade element momentum theory was used for the main rotor modeling as well as
the flapping angle dynamic and inflow main rotor dynamic. The helicopter mathematical
modeling is a non-trivial engineering task, flow interference, blade motions which are lead-
lag, feathering and flapping makes this mathematical modelling more challenging.
Furthermore, after obtaining the linear model, in order to design linear controllers, another
important and strong issue takes place which is the coupling between longitudinal and lat-
eral dynamics. The non-linear model in trim mode simulations shown a very good dynamic
behavior in hover conditions and during forward flight.
The linear model was obtained with Heli-Dyn R©, this tool gives a great amount of data. A
rotary wing modeling, simulation and analysis software. Heli-Dyn R© is used in the modeling
of rotary wing aircraft of an arbitrary configuration, in performance analysis, trimming and
linearization around operating conditions.
With Heli-Dyn R©, we can conceive and deploy a complete aerodynamic model for the real-
time simulation of any rotary wing aircraft, specify subsystems behavior, including flight
management systems, autopilot, flight controls and enter aerodynamics and environmen-
tal parameters into the model to perform the simulation. Dyn+ R© use sophisticated mod-
els like Peters-He Inflow Models, flapping dynamics, rotor-rotor interactions, ground effect
modeling, ground reaction models, etc.
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APE`NDIXS

APPENDIX A. HELICOPTER UH-1H
CONFIGURATION
Figure A.1: Helicopter UH-1H dimensions.
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APPENDIX B. UH-1H PHYSICAL CONSTRAINTS
B.1. Main Rotor Constraints
Items Values Units
Helicopter Weight 6158 Lb
Speed 33,93 rad/s
Number of blades 2 -
chord length 1,75 Ft
Disk Area 1,81E+03 ftˆ2
Lift Curve Slope 6,3 /rad
Blade Profile Drag Coefficient 0.010 -
Twist angle -0,19 rad
Blade Flapping Inertia 1382 [slug*ft2]
Hinge Offset 0 -
Beta precone angle 0,04 rad
Bearing Flapping Stiffness 0 [lb.ft/rad]
Pitch flap coupling 0 -
Solidity 0,04 -
Mast shaft inclination -0,08 rad
TPP inclination angle -0,08 rad
Advance Ratio hover flight 0 -
Advance Ratio forward flight 0,1240 -
Hub stationline 133,50 in
Hub waterline 141.70 in
Hub buttline 0 In
Ground effect coefficient 0,61 -
Hinge offset 0 in
Blade flapping inertia 1382 Slug ftˆ2
Table B.1: Main Rotor Constraints
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B.2. Tail Rotor Constraints
Items Values Units
Rotor speed 1.74e+02 [rad/s]
Number of blades 2
Chord length 0.67 [ft]
Rotor radius 4.25 [ft]
Lift curve slope 6.6 [/rad]
Disk area 56.74 [ft2]
Solidity 0.1004
Hub stationline 490,30 in
Hub waterline 137,50 in
Hub buttline 0 in
Twist angle 0 deg
Shaft tilt about X-axis 0 deg
Table B.2: Tail Rotor Constraints
B.3. Fuselage Constraints
Items Values Units
Hub stationline 490,30 in
Hub waterline 137,50 in
Hub buttline 0 in
Equivalent flat plate area(X-Axis) 56,50 ftˆ2
Equivalent flat plate area(Y-Axis) 275,00 ftˆ2
Equivalent flat plate area(Z-Axis) 56,60 ftˆ2
Table B.3: Fuselage Constraints
B.4. Horizontal Tail Constraints
Items Values Units
Stationline 336,50 in
Waterline 64,83 in
Buttline 0 in
Chord 1,87 ft
Aspect ratio 3,67 -
Span efficiency factor 0,80 -
Reference surface area 16,40 ftˆ2
Exposed surface area 14,76 ftˆ2
Lift coefficient at zero AOA 0 -
Lift curve slope 4,88 1/rad
Maximum lift coefficient 2,97 -
Table B.4: Horizontal Tail Constraints
B.5. Vertical Tail Constraints
Items Values Units
Stationline 460,00 in
Waterline 112 in
Buttline 0 in
Incidence angle 0 deg
Reference surface area 12 ftˆ2
Lift coefficient at zero AOA 0 -
Lift curve slope 5,19 1/rad
Maximum lift coefficient 3,19 -
Table B.5: Vertical Tail Constraints
B.6. Environemental Constraints
Environemental Values Units
Gravity 32,18152 ft/sˆ2
Air density at sea level 0,002377 slug/ftˆ3
ISA + Temperature 0 c
Table B.6: Environemental Constraints
B.7. Center of Gravity and Inertia
Items Values Units
Stationline 137 in
Waterline 57,50 in
Buttline 0 in
Weight 191,35 slug
Mass 12 ftˆ2
Ixx 2800 slug-ft2
Iyy 12733 slug-ft2
Izz 10800 slug-ft2
Ixy 0 slug-ft2
Ixz 1480 slug-ft2
Iyz 0 slug-ft2
Table B.7: Center of Gravity and Inertia
APPENDIX C. UH-1H TRIM AND LINEARIZATION
RESULTS
C.1. Trim Results for Hover Conditions and Forward Flight
Variable Hover Forward Flight Units
θ0 13.97 12.90 deg
θ1s 0.14 0.32 deg
θ1c -3.27 -2.67 deg
θp 8.77 4.26 deg
θ 5.28 -2.19 deg
φ 0.038 0.15 deg
β1s -0.002 0.01 rad
β1c -0.05 -0.04 rad
thrust 6654.54 6549.39 lb
Table C.1: Trim Results for Hover Conditions and Forward Flight
C.2. Linearization Results for Hover Conditions
A=

−0.0128 0.0362 2.5520 −32.0042 0.0021 −1.0028 0 0
0.0192 −0.4069 −0.5149 −2.9592 −0.0214 0 −0.0215 0
−0.0028 −0.0016 −0.4151 0 0.0003 0.1057 0 0
−0.0000 −0.0000 0.9958 0 0.0000 0.0011 0 −0.0007
0.0021 −0.0230 −1.0028 −0.0020 −0.0445 −2.6031 32.0042 0.7375
−0.0000 0.0003 −0.5184 0 −0.0086 −1.3419 0 0.1297
−0.0000 0.0000 −0.0052 0 −0.0001 0.9864 0 0.0934
−0.0020 0.0214 −0.0710 0 0.0135 −0.1554 0 −0.3508

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B=

32.9444 39.1248 0.3694 0
0 −423.1459 0 0
−3.4738 −0.0000 −0.0389 0
−0.0347 −0.0001 −0.0004 0.0001
−0.3694 −24.8403 32.9444 16.5631
−0.1910 −6.1388 17.0309 3.8367
−0.0019 −0.0513 0.1725 0.0310
−0.0262 10.9209 2.3339 −7.9409

C.3. Linearization Results for Forward Flight
A=

−0.0768 0.0676 5.8709 −32.1172 0.0031 −0.7843 0 −0.0105
−0.0242 −1.0252 107.6114 1.2298 −0.0445 −2.8832 −0.0874 0
0.0015 −0.0200 −0.5187 0 −0.0001 0.0980 0 0
0.0000 −0.0002 0.9948 0 −0.0000 0.0010 0 −0.0027
0.0039 −0.0449 −0.6473 0.0033 −0.0957 −6.7758 32.1170 −99.0462
0.0035 −0.0177 −0.3763 0 −0.0171 −1.4166 0 0.3487
0.0000 −0.0002 −0.0038 0 −0.0002 0.9858 0 −0.0344
0.0027 0.0073 −0.1247 0 0.0366 −0.0329 0 −1.0201

B=

25.7672 36.2087 0.2891 0
95.0907 −518.4319 1.0563 0
−3.2190 −1.1076 −0.0361 0
−0.0322 −0.0112 −0.0004 0.0003
4.0184 −23.8968 32.4654 19.1145
1.5394 −9.5066 16.7773 4.8541
0.0157 −0.0965 0.1669 0.0521
−0.7331 3.6934 2.2886 −9.1923

C.4. LQR And LQT Simulink Model
Figure C.1: LQR Simulink Diagram for Lateral Dynamic
Figure C.2: LQT Simulink Diagram for Longitudinal Dynamic
